
Problem. Let 𝐴𝐵𝐶 be an acute triangle with circumcircle 𝜔 and circumcenter 𝑂. The perpendicular 
from 𝐴 to 𝐵𝐶 intersects 𝐵𝐶 and 𝜔 at 𝐷 and 𝐸, respectively. Let 𝐹 be a point on the segment 𝐴𝐸, such 
that 2 ⋅ 𝐹𝐷̅̅ ̅̅ = 𝐴𝐸̅̅ ̅̅ . Let ℓ be the perpendicular to 𝑂𝐹 through 𝐹. Prove that ℓ, the tangent to 𝜔 at 𝐸 
and the line 𝐵𝐶 are concurrent. 
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Proof (Stefan Lozanovski). 
Let ℓ ∩ 𝐵𝐶 = 𝐺. We will prove that 𝐺𝐸 is tangent to 𝜔. Let 𝐻 be the orthocenter of 𝐴𝐵𝐶. It is well-
known that 𝐻𝐷̅̅ ̅̅ = 𝐷𝐸̅̅ ̅̅ . From 2 ⋅ 𝐹𝐷̅̅ ̅̅ = 𝐴𝐸̅̅ ̅̅  we get that 𝐹 is the midpoint of 𝐴𝐻.  

 

Let 𝑀 be the midpoint of 𝐵𝐶. It is well known that 𝑀𝐻 passes through 𝐴′ - the antipode of 𝐴 in 𝜔. If 
𝑆 is the second intersection of 𝑀𝐻 and 𝜔, then ∠𝐻𝑆𝐴 ≡ ∠𝐴′𝑆𝐴 = 90°, so 𝑆 lies on the circle with 
diameter 𝐴𝐻, which is centered at 𝐹. Therefore 𝐹𝑆̅̅̅̅ = 𝐹𝐻̅̅ ̅̅ … (1) 

Since ∠𝑀𝑆𝐴 ≡ ∠𝐴′𝑆𝐴 = 90° we have 𝑀𝐻 ⊥ 𝐴𝑆. But since 𝑂 and 𝐹 are centers of (𝐴𝐵𝐶) and (𝐴𝑆𝐻) 
and 𝐴𝑆 is their common chord, we have 𝑂𝐹 ⊥ 𝐴𝑆. Therefore, 𝑀𝐻 ∥ 𝑂𝐹…(2)  

Since 𝐹𝐻 and 𝑂𝑀 are both perpendicular to BC, we get 𝐹𝐻 ∥ 𝑂𝑀. Using (2), we get that 𝑂𝐹𝐻𝑀 is a 
parallelogram. Therefore 𝐹𝐻̅̅ ̅̅ = 𝑂𝑀̅̅ ̅̅ ̅. (This can alternatively be proven by the well-known fact that 
𝐴𝐻̅̅ ̅̅ = 2 ⋅ 𝑂𝑀̅̅ ̅̅ ̅). Using (1), we get that 𝐹𝑆̅̅̅̅ = 𝑂𝑀̅̅ ̅̅ ̅. Using (2) again, we get that 𝑂𝐹𝑆𝑀 is an isosceles 
trapezoid and therefore it’s cyclic. Using that 𝑂𝐹𝐺𝑀 is also cyclic (∠𝑂𝐹𝐺 = 90° = ∠𝑂𝑀𝐺), we get 
that 𝑂𝐹𝑆𝐺𝑀 is cyclic and therefore ∠𝑂𝑆𝐺 = ∠𝑂𝐹𝐺 = 90°. 

We have 𝐻𝑆 ∥ 𝑂𝐹 and 𝑂𝐹 ⊥ 𝐹𝐺, so 𝐻𝑆 ⊥ 𝐹𝐺. Using (1), we get that 𝐹𝐺 is the side bisector of 𝑆𝐻, so 
𝐺𝑆̅̅̅̅ = 𝐺𝐻̅̅ ̅̅ . Since 𝐻𝐷̅̅ ̅̅ = 𝐷𝐸̅̅ ̅̅ , we also get 𝐺𝐻̅̅ ̅̅ = 𝐺𝐸̅̅ ̅̅ . Therefore 𝐺𝑆̅̅̅̅ = 𝐺𝐻̅̅ ̅̅ = 𝐺𝐸̅̅ ̅̅ . 

Finally, we get that △𝑂𝑆𝐺 ≅△ 𝑂𝐸𝐺 (by SSS), so ∠𝑂𝐸𝐺 = ∠𝑂𝑆𝐺 = 90°, i.e. 𝐺𝐸 is tangent to 𝜔 █ 


