Problem. Let 𝑃 be a point inside the rectangle
𝐴0 𝐴1 𝐴2 𝐴3 . Let ℓ𝑖 be the line through 𝐴𝑖
perpendicular to 𝑃𝐴𝑖 and let ℓ𝑖 ∩ ℓ𝑖+1 = 𝐵𝑖 .
Let 𝑄 be the intersection of the diagonals in
𝐵0 𝐵1 𝐵2 𝐵3 . Prove that ∠𝑃𝐵𝑖 𝐵𝑖−1 = ∠𝑄𝐵𝑖 𝐵𝑖+1.
(All notations are for all 𝑖 ∈ {0, 1, 2, 3} and are
considered 𝑚𝑜𝑑 4)
Proposed by: Stefan Lozanovski, MKD

Proof (Stefan Lozanovski).
Since ∠𝑃𝐴0 𝐵0 + ∠𝑃𝐴1 𝐵0 = 90° + 90° = 180°, we get 𝑃𝐴0 𝐵0 𝐴1 is a cyclic quadrilateral with center
at 𝑀0 - the midpoint of the diameter 𝑃𝐵0 .

Since the center of a circle lies on the side bisectors of its chords, we get that 𝑀0 lies on the side
bisector of 𝐴0 𝐴1 and similarly, 𝑀2 – the midpoint of 𝑃𝐵2 lies on the side bisector of 𝐴2 𝐴3 . Since
𝐴0 𝐴1 𝐴2 𝐴3 is a rectangle, the opposite sides share a common side bisector, which is parallel to the
other pair of opposite sides. Therefore, 𝑀0 𝑀2 ∥ 𝐴0 𝐴3 ∥ 𝐴1 𝐴2 .
On the other hand, since 𝑀0 𝑀2 is midsegment in △ 𝑃𝐵0 𝐵2 , we get that 𝑀0 𝑀2 ∥ 𝐵0 𝐵2 .
Therefore, 𝐵0 𝐵2 ∥ 𝐴0 𝐴3 ∥ 𝐴1 𝐴2 and similarly 𝐵1 𝐵3 ∥ 𝐴0 𝐴1 ∥ 𝐴2 𝐴3.
Now, there are two ways to finish the problem:
(We will prove the assertion only for 𝑖 = 0, the other cases are analogous)
I way (angle chasing):
1 - 𝑃𝐴0 𝐵0 𝐴1 is cyclic
2 - ∠𝐴0 𝐴1 𝐴2 = 90° (rectangle 𝐴0 𝐴1 𝐴2 𝐴3 )
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3 - ∠𝑃𝐴1 𝐵1 = 90° (ℓ1 ⊥ 𝑃𝐴1 )
4 - 𝐴2 𝐴1 ∥ 𝐵2 𝐵0
4

∠𝑃𝐵0 𝐵3 ≡ ∠𝑃𝐵0 𝐴0 = ∠𝑃𝐴1 𝐴0 = 90° − ∠𝑃𝐴1 𝐴2 = ∠𝐴2 𝐴1 𝐵1 = ∠𝐵2 𝐵0 𝐵1 ≡ ∠𝑄𝐵0 𝐵1 █
II way (circumcenter and orthocenter are isogonal conjugates):
Let 𝐻0 be the orthocenter of △ 𝐴0 𝐵0 𝐴1 . Since 𝐵0 𝐵2 ∥ 𝐴1 𝐴2 and 𝐴1 𝐴2 ⊥ 𝐴0 𝐴1 , we get 𝐵0 𝐵2 ⊥ 𝐴0 𝐴1 ,
i.e. 𝐻0 ∈ 𝐵0 𝐵2 ≡ 𝐵0 𝑄. We also know that 𝑀0 (the circumcenter of △ 𝐴0 𝐵0 𝐴1) lies on 𝐵0 𝑃. It is wellknown that the orthocenter and the circumcenter are isogonal conjugates in a triangle, so we get that
𝐵0 𝑃 and 𝐵0 𝑄 are isogonal lines w.r.t 𝐵0 𝐴0 ≡ 𝐵0 𝐵3 and 𝐵0 𝐴1 ≡ 𝐵0 𝐵1 █

