Problem. Let 𝐴𝐵𝐶 be a triangle with circumcircle 𝜔. Let 𝐼 be its incenter and let 𝐷 be the tangent
point of the incircle and the side 𝐵𝐶. Let the circle with diameter 𝐴𝐼 intersect 𝜔 at 𝑃 ≠ 𝐴 and 𝑃𝐷 at
𝑄 ≠ 𝑃. Prove that 𝐴𝑄 ⊥ 𝐵𝐶.
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Proof (Nikola Danevski and Stefan Lozanovski).
The proof is written backwards, in order to reflect the motivation the student needs for each step.
Since 𝐴𝑄 ⊥ 𝑄𝐼, we need to prove that 𝑄𝐼 ∥ 𝐵𝐶. We want to prove that ∠𝐼𝑄𝐷 = ∠𝑄𝐷𝐵, but since
𝐼𝑄𝑃𝐴 is cyclic, we know that ∠𝐼𝑄𝐷 = ∠𝑃𝐴𝐼, so we have to prove that ∠𝑃𝐴𝐼 = ∠𝑄𝐷𝐵 ≡ ∠𝑃𝐷𝐵, i.e.
we have to prove that 𝐴𝑃𝐷𝑆 is cyclic, where 𝑆 = 𝐴𝐼 ∩ 𝐵𝐶. For that, we need ∠𝐴𝑃𝐷 = ∠𝐴𝑆𝐶. But
𝛼
∠𝐴𝑆𝐶 = 𝛽 + (as exterior angle in △ 𝐴𝐵𝑆) and ∠𝐴𝑃𝐷 = ∠𝐴𝑃𝐶 + ∠𝐶𝑃𝐷 = 𝛽 + ∠𝐶𝑃𝐷, so we need
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𝛼

to prove that ∠𝐶𝑃𝐷 = 2 . Since ∠𝐵𝑃𝐶 = ∠𝐵𝐴𝐶 = 𝛼, we need to prove that 𝑃𝐷 is the angle bisector
of ∠𝐵𝑃𝐶. We will prove that by the angle bisector theorem in △ 𝑃𝐵𝐶.
Let 𝐸 and 𝐹 be the tangent points of the incircle
and the sides 𝐶𝐴 and 𝐴𝐵, respectively. Obviously,
they lie on the circle with diameter 𝐴𝐼. We now
focus on the triangles 𝑃𝐵𝐹 and 𝑃𝐶𝐸.
∠𝑃𝐵𝐹 ≡ ∠𝑃𝐵𝐴 = ∠𝑃𝐶𝐴 ≡ ∠𝑃𝐶𝐸
∠𝑃𝐹𝐵 = 180° − ∠𝑃𝐹𝐴 = 180° − ∠𝑃𝐸𝐴 = ∠𝑃𝐸𝐶
Therefore, by the AA criterion, △ 𝑃𝐵𝐹 ∼△ 𝑃𝐶𝐸
and therefore
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i.e. 𝑃𝐷 is angle bisector in △ 𝐵𝑃𝐶 █

