
Problem. Let 𝐴𝐵𝐶 be a triangle with circumcircle 𝜔. Let ℓ𝐵 and ℓ𝐶  be two lines though the points 𝐵 

and 𝐶, respectively, such that ℓ𝐵 ∥ ℓ𝐶. The second intersections of ℓ𝐵 and ℓ𝐶  with 𝜔 are 𝐷 and 𝐸, 

respectively (𝐷 ∈ 𝐴𝐵̂, 𝐸 ∈ 𝐴𝐶̂). Let 𝐷𝐴 intersect ℓ𝐶  at 𝐹 and let 𝐸𝐴 intersect ℓ𝐵 at 𝐺. If 𝑂, 𝑂1 and 𝑂2 

are circumcenters of 𝐴𝐵𝐶, 𝐴𝐷𝐺 and 𝐴𝐸𝐹, respectively, and 𝑃 is the circumcenter of 𝑂𝑂1𝑂2, prove 

that ℓ𝐵 ∥ 𝑂𝑃 ∥ ℓ𝐶. 
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Proof (Stefan Lozanovski). 

Since 𝑂1, 𝑂2 are circumcenters in (𝐴𝐺𝐷), (𝐴𝐸𝐹) and since 𝐺𝐷 ∥ 𝐹𝐸, we get 

∠𝐺𝐴𝑂1 = 90° −
∠𝐺𝑂1𝐴

2
= 90° − ∠𝐺𝐷𝐴 = 90° − ∠𝐸𝐹𝐴 = 90° −

∠𝐸𝑂2𝐴

2
= ∠𝐸𝐴𝑂2, 

which means that 𝐴 ∈ 𝑂1𝑂2. 

 

Let ∠(𝐷𝐹, 𝐹𝐸) = 𝜑. Then, as central angle 

∠𝐴𝑂2𝐸 = 2𝜑. Since 𝐴𝐸 is the radical axis of 𝜔 and 

𝜔2, 𝑂𝑂2 bisects ∠𝐴𝑂2𝐸, i.e. ∠𝐴𝑂2𝑂 = 𝜑. Since 

𝐴 ∈ 𝑂1𝑂2, we get ∠𝑂1𝑂2𝑂 ≡ ∠𝐴𝑂2𝑂 = 𝜑. Since 

𝑃 is the circumcenter of (𝑂1𝑂2𝑂), we get 

∠𝑂1𝑃𝑂 = 2𝜑 and ∠𝑃𝑂𝑂1 = 90° − 𝜑. Since 𝐴𝐷 is 

radical axis of 𝜔 and 𝜔1, we get 𝑂𝑂1 ⊥ 𝐷𝐴. Since 

∠(𝐷𝐹, 𝑂𝑂1) = 90° and ∠(𝑃𝑂, 𝑂𝑂1) = 90° − 𝜑, 

we get that ∠(𝐷𝐹, 𝑃𝑂) = 𝜑 = ∠(𝐷𝐹, 𝐹𝐸), i.e. 

𝑃𝑂 ∥ 𝐹𝐸 █ 


