
Problem. Let 𝑂 be the circumcenter of a triangle 𝐴𝐵𝐶. Let 𝑀 be the midpoint of 𝐴𝑂. The lines 𝐵𝑂 and 
𝐶𝑂 intersect the altitude 𝐴𝐷 at points 𝐸 and 𝐹, respectively. Let 𝑂1 and 𝑂2 be the circumcenters of 
the triangles 𝐴𝐵𝐸 and 𝐴𝐶𝐹, respectively. Prove that 𝑀 lies on 𝑂1𝑂2. 
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Proof 1 (Stefan Lozanovski).  

 
Let 𝜔1 and 𝜔2 be the circumcircles of 𝐴𝐵𝐸 and 𝐴𝐶𝐹, respectively. 

∠𝐴𝐶𝐹 ≡ ∠𝐴𝐶𝑂 =
180° − ∠𝐴𝑂𝐶

2
= 90° − 𝛽 = 90° − ∠𝐴𝐵𝐷 = ∠𝐵𝐴𝐷 ≡ ∠𝐵𝐴𝐹 

Therefore, 𝐵𝐴 is tangent to 𝜔2, i.e. 𝐵𝐴 ⊥ 𝐴𝑂2. 
On the other hand, 𝑂1𝐴̅̅ ̅̅ ̅ = 𝑂1𝐵̅̅ ̅̅ ̅ and 𝑂𝐴̅̅ ̅̅ = 𝑂𝐵̅̅ ̅̅  as radii, so 𝑂1𝑂 ⊥ 𝐵𝐴. 
Therefore, 𝐴𝑂2 ∥ 𝑂1𝑂. Similarly, 𝐴𝑂1 ∥ 𝑂2𝑂. 
So, 𝐴𝑂1𝑂𝑂2 is a parallelogram and because its diagonals bisect each other, 𝑀 ∈ 𝑂1𝑂2 █ 
  



Proof 2 (Stefan Lozanovski). 

 
 
Let 𝜔, 𝜔1 and 𝜔2 be the circumcircles of 𝐴𝐵𝐶, 𝐴𝐵𝐸 and 𝐴𝐶𝐹, respectively. Let the second intersection 
of 𝜔1 and 𝜔2 be 𝑋.  
Note that the points 𝑂1 and 𝑂2 and 𝑀 are the centers of 𝜔1, 𝜔2 and the circle with diameter 𝐴𝑂. It is 
sufficient to prove that these three circles are coaxial, i.e. that 𝑋 lies on the circle with diameter 𝐴𝑂. 
We need to prove that ∠𝐴𝑋𝑂 = 90°, and because 𝑂 is the circumcenter of 𝐴𝐵𝐶, we need to prove 
that 𝑋 is the midpoint of the chord 𝐴𝑌, where 𝑌 is the second intersection of 𝐴𝑋 and 𝜔. 
Same as in Proof 1, we get that 𝐵𝐴 is tangent to 𝜔2 and 𝐶𝐴 is tangent to 𝜔1. From this, we get that 
∠𝑋𝐵𝐴 = ∠𝑋𝐴𝐶 and ∠𝑋𝐴𝐵 = ∠𝑋𝐶𝐴, so △ 𝑋𝐵𝐴 ∼△ 𝑋𝐴𝐶 and therefore 

𝑋𝐵̅̅ ̅̅

𝑋𝐴̅̅ ̅̅
=

𝐵𝐴̅̅ ̅̅

𝐴𝐶̅̅ ̅̅
    … (1) 

Also, ∠𝐵𝑋𝑌 = ∠𝐵𝐴𝑋 + ∠𝑋𝐵𝐴 = ∠𝐵𝐴𝑋 + ∠𝑋𝐴𝐶 = ∠𝐵𝐴𝐶 and ∠𝐵𝑌𝑋 ≡ ∠𝐵𝑌𝐴 = ∠𝐵𝐶𝐴, 
so △ 𝐵𝑋𝑌 ∼△ 𝐵𝐴𝐶 and therefore 

𝐵𝑋̅̅ ̅̅

𝑋𝑌̅̅ ̅̅
=

𝐵𝐴̅̅ ̅̅

𝐴𝐶̅̅ ̅̅
    … (2) 

Finally, from (1) and (2) we can conclude that 𝐴𝑋̅̅ ̅̅ = 𝑋𝑌̅̅ ̅̅  █ 
 


