Problem. Let the incircle of the triangle 𝐴𝐵𝐶 touch
the sides 𝐵𝐶 and 𝐶𝐴 at points 𝐷 and 𝐸, respectively.
The circle with diameter 𝐴𝐵 intersects the line 𝐷𝐸
at points 𝐺 and 𝐻, such that ̅̅̅̅
𝐺𝐸 < ̅̅̅̅
𝐺𝐷. Let 𝜔 be the
circumcircle of 𝐴𝐵𝐶. The circumcircle of 𝐵𝐷𝐺
intersects 𝜔 again at 𝑃. The circumcircle of 𝐴𝐸𝐻
intersects 𝜔 again at 𝑄. Let 𝑅 be the intersection of
the lines 𝐴𝑃 and 𝐵𝑄. Prove that the incenter 𝐼 of the
triangle 𝐴𝐵𝐶 lies on the circumcircle of 𝑃𝑄𝑅.
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Proof (Stefan Lozanovski).
By Miquel’s Theorem for the triangle 𝐸𝐷𝐶 and
the points 𝐵 ∈ 𝐷𝐶, 𝐴 ∈ 𝐶𝐸 and 𝐺 ∈ 𝐸𝐷 on its
sides (or extensions), we get that the
circumcircles (𝐸𝐴𝐺), (𝐷𝐵𝐺) and (𝐶𝐴𝐵) pass
through a common point. Therefore, 𝑃 is the
Miquel Point, so the circumcircle of 𝐸𝐴𝐺 also
passes through 𝑃. Similarly, the circumcircle of
𝐷𝐵𝐻 passes through 𝑄. We will prove that these
two circles pass through 𝐼.
Let 𝐴𝐼 intersect 𝐷𝐸 at 𝐻’. Then,
𝛼+𝛽
∠𝐵𝐼𝐻 ′ = ∠𝐼𝐴𝐵 + ∠𝐼𝐵𝐴 =
.
2
̅̅̅̅ = 𝐶𝐸
̅̅̅̅ as tangent segments, we have
Since 𝐶𝐷
180° − 𝛾 𝛼 + 𝛽
∠𝐶𝐷𝐻 ′ ≡ ∠𝐶𝐷𝐸 =
=
,
2
2
so 𝐵𝐷𝐻’𝐼 is cyclic. Therefore,
∠𝐴𝐻 ′ 𝐵 ≡ ∠𝐼𝐻 ′ 𝐵 = ∠𝐼𝐷𝐵 = 90°,
so by the definition of 𝐻, we get that 𝐻 ′ ≡ 𝐻
which means that 𝐼 ∈ 𝐴𝐻 and 𝐼 ∈ (𝐵𝐷𝐻).
Similarly, 𝐼 ∈ 𝐵𝐺 and 𝐼 ∈ (𝐴𝐸𝐺).
In conclusion 𝐵𝐷𝐻𝐼𝑄 is cyclic with diameter 𝐵𝐼
(because ∠𝐼𝐷𝐵 = 90°). So, 𝐼𝑄 ⊥ 𝐵𝑅. Similarly,
𝐼𝑃 ⊥ 𝐴𝑅, and therefore 𝐼𝑃𝑅𝑄 is cyclic █
Remark.
If an easier problem is needed, this problem can be slightly simplified by defining the points 𝐺 and 𝐻
as the intersections of the line 𝐷𝐸 with the angle bisectors of ∠𝐴𝐵𝐶 and ∠𝐶𝐴𝐵, respectively. Then,
the points 𝐻′ (and 𝐺′) are not needed in this proof, but we still need the part where we prove that
𝐵𝐷𝐻𝐼 (and 𝐴𝐸𝐺𝐼) are cyclic.

