Problem: Let O be the circumcenter of the acute triangle ABC �𝐴𝐵 < 𝐴𝐶�. Let A1 and P be
the feet of the perpendiculars from A and O to BC, respectively. The intersections of the lines BO and
CO with AA1 are D and E, respectively. The circumcircles of the triangles ABD and ACE intersect again
at F. Prove that the angle bisector of ∡𝐹𝐴𝑃 passes through the incenter of ABC.
Proposed by: Stefan Lozanovski, Macedonia

Solution 1: (Stefan Lozanovski)

We need to prove that ∡𝐵𝐴𝐹 = ∡𝐶𝐴𝑃. Since OP is perpendicular to BC and O is the
circumcenter, then P is the midpoint of BC. Since AP is the median from A, we need to prove that AF
is the symmedian from A.
Let the line AF intersect the side BC at X and let the circumcircles of ABD and ACE meet the
line BC again at Y and Z, respectively. Then, by the intersecting secant theorem, we have:
𝑋𝐵 ∙ 𝑋𝑌 = 𝑋𝐹 ∙ 𝑋𝐴 = 𝑋𝑍 ∙ 𝑋𝐶

𝑋𝐵
𝑋𝐶

=

𝑋𝑍

𝑋𝑌

=

𝑋𝐵 + 𝑋𝑍
𝑋𝐶 + 𝑋𝑌

=

𝐵𝑍
𝐶𝑌

… (1)

1
1
(180 − ∡𝐴𝑂𝐶) = (180 − 2∡𝐴𝐵𝐶) = 90 − ∡𝐴𝐵𝐶 ≡
2
2
≡ 90 − ∡𝐴𝐵𝐴1 = ∡𝐵𝐴𝐴1 ≡ ∡𝐵𝐴𝐸 , so BA is tangent to the circumcircle of ACE.
Similarly, CA is tangent to the circumcircle of ABD. By the tangent-secant theorem, we have:
∡𝐴𝐶𝐸 ≡ ∡𝐴𝐶𝑂 =

2

𝐵𝐴 = 𝐵𝑍 ∙ 𝐵𝐶
2

𝐶𝐴 = 𝐶𝐵 ∙ 𝐶𝑌
By dividing these two equations and using (1), we get:
𝐵𝐴

2

2

=

𝐵𝑍

=

𝑋𝐵

𝐶𝑌 𝑋𝐶
𝐶𝐴
We proved that AX divides the side BC in the ratio of the squares of the sides AB and AC, so
by Lemma 1 we get that 𝐴𝐹 ≡ 𝐴𝑋 is the A-symmedian in the triangle ABC ∎

Solution 2: (Stefan Lozanovski)
We need to prove that ∡𝐵𝐴𝐹 = ∡𝐶𝐴𝑃. Since OP is perpendicular to BC and O is the
circumcenter, then P is the midpoint of BC. Since AP is the median from A, we need to prove that AF
is the symmedian from A.
By some angle chasing:
1
1
∡𝐴𝐶𝐸 ≡ ∡𝐴𝐶𝑂 = (180 − ∡𝐴𝑂𝐶) = (180 − 2∡𝐴𝐵𝐶) = 90 − ∡𝐴𝐵𝐶 ≡
2
2
≡ 90 − ∡𝐴𝐵𝐴1 = ∡𝐵𝐴𝐴1 ≡ ∡𝐵𝐴𝐸 , we get that BA is tangent to the circumcircle of ACF.
Similarly, CA is tangent to the circumcircle of ABF.

Now, we use the fact that the angle between a tangent and a chord is equal to any inscribed
angle over the same chord:
∡𝐵𝐴𝐹 = ∡𝐴𝐶𝐹
∡𝐴𝐵𝐹 = ∡𝐶𝐴𝐹

So, the triangles BAF and ACF are similar which gives:
𝐵𝐹
𝐶𝐹

=

𝐵𝐹/𝐴𝐹
𝐶𝐹/𝐴𝐹

=

𝐵𝐴/𝐴𝐶

𝐴𝐶/𝐴𝐵

=

𝐴𝐵

2

2

𝐴𝐶
Also, ∡𝐵𝐹𝑋 = 180 − ∡𝐵𝐹𝐴 = 180 − ∡𝐴𝐹𝐶 = ∡𝐶𝐹𝑋, so FX is an angle bisector in BFC, so:
𝐵𝐹 𝐵𝑋
=
𝐶𝐹 𝐶𝑋
From these two equalities, we get that
𝐵𝑋
𝐶𝑋

=

𝐴𝐵

2

2

𝐴𝐶
So, the line AX divides the side BC in the ratio of the squares of the sides AB and AC, so by
Lemma 1 we get that 𝐴𝐹 ≡ 𝐴𝑋 is the symmedian from the vertex A in the triangle ABC ∎

Solution 3: (Stefan Lozanovski)
We need to prove that ∡𝐵𝐴𝐹 = ∡𝐶𝐴𝑃. Since OP is perpendicular to BC and O is the
circumcenter, then P is the midpoint of BC. Since AP is the median from A, we need to prove that AF
is the symmedian from A.
By some angle chasing:
1
1
∡𝐴𝐶𝐸 ≡ ∡𝐴𝐶𝑂 = (180 − ∡𝐴𝑂𝐶) = (180 − 2∡𝐴𝐵𝐶) = 90 − ∡𝐴𝐵𝐶 ≡
2
2
≡ 90 − ∡𝐴𝐵𝐴1 = ∡𝐵𝐴𝐴1 ≡ ∡𝐵𝐴𝐸 , we get that BA is tangent to the circumcircle of ACF.
Similarly, CA is tangent to the circumcircle of ABF.

Now, we use the fact that the angle between a tangent and a chord is equal to any inscribed
angle over the same chord:
∡𝐵𝐴𝐹 = ∡𝐴𝐶𝐹
∡𝐴𝐵𝐹 = ∡𝐶𝐴𝐹
So, the triangles BAF and ACF are similar.

Let F1 and F2 be the feet of the perpendiculars from F to the sides AB and AC, respectively.
Then, from the similarity we have:
𝐹𝐹1 𝐴𝐵
=
𝐹𝐹2 𝐴𝐶
which means that the distances from F to the sides AB and AC are proportional to the lengths AB and
AC, so by Lemma 2b, F lies on the symmedian from the vertex A in the triangle ABC ∎

Solution 4: (Stefan Lozanovski)
We need to prove that ∡𝐵𝐴𝐹 = ∡𝐶𝐴𝑃. Since OP is perpendicular to BC and O is the
circumcenter, then P is the midpoint of BC. Since AP is the median from A, we need to prove that AF
is the symmedian from A.
By some angle chasing:
1
1
(180 − ∡𝐴𝑂𝐶) = (180 − 2∡𝐴𝐵𝐶) = 90 − ∡𝐴𝐵𝐶 ≡
2
2
≡ 90 − ∡𝐴𝐵𝐴1 = ∡𝐵𝐴𝐴1 ≡ ∡𝐵𝐴𝐸 , we get that BA
is tangent to the circumcircle of ACF.
Similarly, CA is tangent to the circumcircle of ABF.
∡𝐴𝐶𝐸 ≡ ∡𝐴𝐶𝑂 =

Now, we use the fact that the angle between a
tangent and a chord is equal to any inscribed angle
over the same chord:
∡𝐵𝐴𝐹 = ∡𝐴𝐶𝐹
∡𝐴𝐵𝐹 = ∡𝐶𝐴𝐹
So, the triangles BAF and ACF are similar and:
𝐵𝐴 𝐴𝐶
=
… (1)
𝐵𝐹 𝐴𝐹
Let AX intersect the circumcircle of ABC again at G.
∡𝐵𝐹𝐺 = 180 − ∡𝐵𝐹𝐴 = ∡𝐹𝐵𝐴 + ∡𝐹𝐴𝐵 =
= ∡𝐹𝐴𝐶 + ∡𝐹𝐴𝐵 = ∡𝐵𝐴𝐶 = 𝛼
∡𝐵𝐺𝐹 ≡ ∡𝐵𝐺𝐴 = ∡𝐵𝐶𝐴 = 𝛾

So, the triangles ABC and FBG are also similar and:
𝐴𝐵 𝐴𝐶
=
… (2)
𝐹𝐵 𝐹𝐺
From (1) and (2) we get that 𝐴𝐹 = 𝐹𝐺 and because O is the circumcenter, we get that ∡𝑂𝐹𝐺 = 90.
Now, let’s draw the tangents at B and C to the
circumcircle of ABC and let them intersect at T. The
quadrilateral OBTC is a cyclic quadrilateral with
diameter OT.
Earlier in this solution, we proved that ∡𝐵𝐹𝐺 = 𝛼.
Similarly, ∡𝐶𝐹𝐺 = 𝛼.
∡𝐵𝐹𝐶 = ∡𝐵𝐹𝐺 + ∡𝐶𝐹𝐺 = 𝛼 + 𝛼 = 2𝛼 = ∡𝐵𝑂𝐶 , so
F lies on the circumcircle of BOC (with diameter OT).
Because ∡𝑂𝐹𝐺 = 90 and OT is the diameter of the
circle, then T must lie on the line 𝐹𝐺 ≡ 𝐴𝐹.

In conclusion, AF passes through the intersection of
the tangents at B and C to the circumcircle of ABC, so
by Lemma 3b we get that AF is the symmedian from
the vertex A in the triangle ABC ∎

Lemma 1: The line AX divides the opposite side BC in the ratio of the squares of the sides AB and AC
if and only if AX is a symmedian in the triangle ABC.
𝐵𝑋
𝐶𝑋

Proof:
Let AM and AX, be the median and
symmedian from the vertex A, respectively.
𝐵𝑋

𝑀𝐶

𝐵𝑀
𝑋𝐶

=

=

=

𝐴𝐵
𝐴𝐶

2

2

∙

𝐴𝑟𝑒𝑎(𝐵𝐴𝑋) 𝐵𝐴 ∙ 𝐴𝑋
=
𝐴𝑟𝑒𝑎(𝑀𝐴𝐶) 𝐴𝑀 ∙ 𝐴𝐶

𝐴𝑟𝑒𝑎(𝐵𝑀𝐴) 𝐵𝐴 ∙ 𝐴𝑀
=
𝐴𝑟𝑒𝑎(𝐶𝑋𝐴)
𝐴𝑋 ∙ 𝐴𝐶

By multiplying these equalities we get:
𝐵𝑋
𝐶𝑋

=

𝐴𝐵

2

2

𝐴𝐶
Since there is only one point on the line segment BC that divides it in a given ratio, the “only if” part
is also true ∎
Lemma 2a: The A-median is the locus of the points M in the interior of ∡𝐵𝐴𝐶 such that
𝑑(𝑀, 𝐴𝐵) 𝐴𝐶
=
∙
𝑑(𝑀, 𝐴𝐶) 𝐴𝐵
Proof:
Let M be a point in the interior of ∡𝐵𝐴𝐶.
Let AM meet BC at M1. Then,
𝑑(𝑀1 , 𝐴𝐵) 𝑑(𝑀, 𝐴𝐵) 𝐴𝐶
=
=
𝑑(𝑀1 , 𝐴𝐶) 𝑑(𝑀, 𝐴𝐶) 𝐴𝐵

⇔ 𝑑(𝑀1 , 𝐴𝐵) ∙ 𝐴𝐵 = 𝑑(𝑀1 , 𝐴𝐶) ∙ 𝐴𝐶
⇔ 𝐴𝑟𝑒𝑎(𝐴𝐵𝑀1 ) = 𝐴𝑟𝑒𝑎(𝐴𝐶𝑀1 )
⇔ 𝐵𝑀1 = 𝑀1 𝐶 ∎

Lemma 2b: The A-symmedian is the locus of the points L in the interior of ∡𝐵𝐴𝐶 such that:
𝑑(𝐿, 𝐴𝐵) 𝐴𝐵
=
∙
𝑑(𝐿, 𝐴𝐶) 𝐴𝐶

Proof:
The symmedian is the reflection of the median with respect to the angle bisector, so by symmetry:
𝑑(𝐿, 𝐴𝐵) 𝑑(𝑀, 𝐴𝐶) 𝐴𝐵
=
=
𝑑(𝐿, 𝐴𝐶) 𝑑(𝑀, 𝐴𝐵) 𝐴𝐶
which means that the A-symmedian is the locus of the points L in the interior of ∡𝐵𝐴𝐶 such that:
𝑑(𝐿, 𝐴𝐵) 𝐴𝐵
=
∎
𝑑(𝐿, 𝐴𝐶) 𝐴𝐶

Lemma 3a: A symmedian drawn from a vertex of a triangle divides the antiparallels to the opposite
side in half.
Proof:
Let AS and AM be the symmedian and the
median from the vertex A, respectively.
Then, by the definition of symmedian,
∡𝐵𝐴𝑆 = ∡𝐶𝐴𝑀 … (1)

Let D be the intersection of the lines AS
and B1C1. By definition of antiparallel
lines, the triangles ABC and A1B1C1 are
similar. Using (1) we get that the similarity
maps AM to AD, so the symmedian AS
passes through the midpoint of the side
B1C1 which is antiparallel to BC (with
respect to the lines AB and AC) ∎

Lemma 3b: A symmedian through one of the vertices of a triangle passes through the point of
intersection of the tangents to the circumcircle at the other two vertices.
Proof:
Let BT and CT be the tangents to the
circumcircle of ABC at B and C. Then,
because the angle between a tangent and
a chord is equal to any inscribed angle over
the same chord, ∡𝐶𝐵𝑇 = ∡𝐶𝐴𝐵 = 𝛼 and
∡𝐵𝐶𝑇 = ∡𝐵𝐴𝐶 = 𝛼, so the triangle BCT is
isosceles and therefore 𝐵𝑇 = 𝐶𝑇.

Let B1C1 be an antiparallel line to BC (with
respect to the lines AB and AC) that passes
through T. Then, ∡𝐴𝐵1 𝐶1 = ∡𝐴𝐵𝐶 = 𝛽.
Now, ∡𝑇𝐶𝐵1 = 180 − ∡𝐴𝐶𝐵 − ∡𝐵𝐶𝑇 =
= 180 − 𝛾 − 𝛼 = 𝛽 = ∡𝐴𝐵1 𝐶1 ≡ ∡𝐶𝐵1 𝑇,
so the triangle TCB1 is isosceles and
therefore 𝐵1 𝑇 = 𝐶𝑇. Similarly, 𝐶1 𝑇 = 𝐵𝑇.

In conclusion, 𝐶1 𝑇 = 𝐵𝑇 = 𝐶𝑇 = 𝐵1 𝑇, so T
is the midpoint of B1C1. By Lemma 3a, AT is
the symmedian from the vertex A ∎

